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ARSTRBCT 
In this paper we extend Semadeni’s definition [8] of a free, a projective and of an 
injective Banach space to the case of Banach modules. As in the algebraio caee a 
projective module is a generalization of a free module, and its dual is an injective 
module, that means, has the “extension property”. Free, projective and injective 
Banach modules are studied following a line which has some resemblances with 
Northcott’s procedure in [5]. In this connection see also Rodriguez [7]. It is shown 
that every module is a quotient of a projective module and every module can be 
embedded in a “unique smallest” injective module, which is called an injeotive en- 
velope (Th. 2.17, Th. 3.18). The last section is devoted to L(Q)-modules. 
1. INTRODUCTION 
Let A be a Banach algebra. By a left (right) A-module we mean [6] 
a Banach space, V, which is a left (right) A-module in the algebraic 
sense, and for which 
If the Banach algebra has an identity element e, we require that l]el] = 1. 
If P and W are A-modules, then HomA (I’, W) will denote the Banach 
space of all continuous A-module homomorphisms from V to W, with 
the operator norm. The elements of Horn.4 (8, W) are called A-multi$iers 
(or multipliers) from V to W. An A-&morphism from V to W is an 
isometric A-multiplier from V onto W. The A-modules V and W are 
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A-isomorphic (denoted by I’ N W) if there is an A-isomorphism from 
V to W. An A-multiplier S from V to W is called an A-supermorphism 
if llSl[ < 1 and for every w E W there exists v E V such that Sv= w and 
1141 = IIwII* 
If V is a left (right) A-module, then V*, the dual of V, is a right (left) 
A-module under the adjoint action of A. 
(v E V: av= 0 for all a E A} is a submodule of V, which we call the 
order s&module, VO, of V. We call V order-free if Vo={O}. We call V 
a trivial A-module if Tr,= V. It follows from the Hahn-Banach Theorem 
that the submodule {v E V: k(v) = 0 for all k E ( V*)O} is equal to the closed 
linear subspace of V, of all elements of the form av, where a E A, v E V. 
This we call the essential ~bm.i&le, Ve, of V. V is said to be an essential 
A-module if Vc= V. 
Let V and W be A-modules. Let V &I W denote the topological tensor 
product of V and W as Banach spaces (i.e. the completion of the algebraic 
tensor product with the greatest cross-norm), and let 0 be the associated 
bounded bilinear function of V x W into V & W. Let K be the closed 
linear subspace of V 6 W, which is spanned by all the elements of the 
form 
a&w-&law, aEA, VE V, WE W. 
Then the A-n&de tensor product, V 8.4 W, is defined to be the quotient 
Banach space ( V 6 W)/K. Using the universal property of the topological 
tensor product with respect to bounded bilinear maps from V x W, it is 
easily seen that V 8.4 W has the expected universal property with respect 
to bounded bilinear maps I# from V x W, such that +(av, w) =&v, aw), 
for all a E A, v E V, w E W. Given v E V, w E W we will, of course, write 
v 18 w for vew+K. 
Using the universal property just mentioned, it is easy to prove, that 
there is a natural isometric isomorphism 
(1-l) HOmA (7, w*) ill (v @‘A w)*, 
under which the linear functional t on V @A W corresponds to the operator 
T E HOmA (V, W*) such that (Tv)(w)=t(v 8 w), for all v E V, w E W. It 
also follows from the universal property that for A-modules V, P’, W 
and w’ and multipliers 8 E HOmA (V, I”) and T E HOmA ( W, W’), there 
exists a unique continuous linear map, fl @ T, from V @.A W to p @A W 
such that 
(S@T)(v@w)=i3v@Tw, for all VEV, WEW. 
Furthermore, IIS ~3 TII < IISII IlTll. 
If ( V,)J is a family of Banach spaces (where J is an arbitrary indexing 
set), then the direct product of (Vj)r)~, T]i V,, is the Banach space of all 
functions f from J to u Vf, which assign to each j E J an element fj E V,, 
such that Ilfll= sup {Ilf,ll: j E J} is finite. 
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The direct sum of ( V~)J, @ Vi, is the Banach space of all functions g 
from J to u VI, which assign to each j E J an element gj E V,, such that 
Ml = z: bll: j f J> is finite. If each V, is a left A-module, then n V, 
and @ Vj become a left A-module in the obvious way. The same for 
right A-modules. With the usual coordinate projections and embeddings, 
JJ Vj and @ Vj are the direct product and direct sum, respectively, in 
the category of Banach A-modules and A-multipliers of norm less than 
or equal to 1. 
If (VI) J is a family of A-modules, then we have a natural A-isomorphism 
(1.2) (0 v,)* = I-I (vJ)*. 
We can view a Banach algebra A as a left A-module and as a right A- 
module. Let A, be the Banach algebra with unit of all pairs (a, &) with 
a E A, (x ECJ and with the norm ll(o, o~)II=llall+ 1~1. A can be embedded 
in A, in the usual way. We can view A, as a left AU-module and as a 
right A,-module, and by restriction as a left A-module and as a right 
A-module. Let G be a locally compact group. Let &(G), 1 <p Q 00, denote 
the usual Lebesgue spaces. Then Li(G) is a Banach algebra under con- 
volution, and LP(G) becomes a left I&(G)-module when elements of L,(G) 
act on elements of Lr(G) by convolution on the left. The Banach space, 
M(G), of bounded, countably additive regular measures on G is also an 
&i(G)-module under convolution. Co(G) and C,(G) denote the submodules 
of L,(G) of continuous functions which vanish at infinity and of the right 
uniformly continuous bounded functions, respectively. The natural 
embedding of Lr(G) in N(G) is an isometric Li(G)-multiplier. &(G), 
1 <PC*, co(G) and G&J) are essential Li(G)-modules. The essential 
submodule of L,(G) is C,,(G) and the essential submodule of M(G) is 
L,(G). 
2. FREE AND PROJECTIVE BANACH MODULES 
2.1 DEFINITION. Let A be a Banach algebra, let V be an A-module 
and let J be some set. L(J, V) will denote the direct sum, @ Vj, of (vj) J 
where Vj = ‘v for all j E J. 
2.2 DEFINITION. Let A be a Banach algebra with identity element. 
An A-module V is said to be free if there exists a set J such that V is 
A-isomorphic to L(J, A). 
Obviously, A is a free A-module and every free A-module is essential. 
2.3 THEOREM. Let A be a Banach algebra with identity element. For 
every essential A-module V there exist a free A-module W and an A- 
supermorphism from W to V. 
Hence every essential A-module is A-isomorphic to a quotient of a free 
A-module. 
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PROOF. Let V be an essential A-module. Let J= {V E VT: /rll= 1). Then 
the map ~-GJ~( v v 1 is an A-supermorphism from L(J, A) to V. 
2.4 DEFINITION. Let A be a Banach algebra. A left (right) A-module 
V is said to be A-projective if for any left (right) A-module U and W, 
for any A-supermorphism S from U to W and for any A-multiplier T 
from V to W, there exists an A-multiplier R from V to U such that 
IIRII=jITII and SR=T. 
An equivalent formulation is: A left (right) A-module V is said to be 
A-projective if for any left (right) A-module 77 and W, for any A-super- 
morphism S from U to W and for any A-multiplier T from V to W, 
lITI < 1, there exists an A-multiplier R from V to U, IlRll Q 1, such that 
SR= T which means that the diagram 
is commutative. 
2.5 THEOREM. Let A be a Banach algebra with identity element. Then 
A is A-projective. 
PROOF. Let e be the identity element of A. Let U and W be A-modules, 
let S be an A-supermorphism from U to W and let T be an A-multiplier 
from A to W. S is an A-supermorphism, so there is u E U such that 
S(u)=T(e) and llzlll= IIT(e)ll. Define R from A to U by R(a)=au for all 
a E A. Then R is the desired map. Hence A is A-projective. 
2.6 DEFINITION. Let A be a Banach algebra and let V and W be left 
(right) A-modules. W is a retract of ?’ if there exists an isometric A- 
multiplier I from W to V and an A-multiplier P from V to W with 
IlPllgl and PI=id W, where idw is the identity map of W. 
As in the algebraic case and in the Banaoh space case we have 
2.7 THEOREM. Let A be a Banach algebra. Then every retract of an 
A-projective module is again A-projective. 
PROOF. Let V and W be A-modules, let V be A-projective and let 
W be a retract of V. Consider any diagram 
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X 
s 
J- 
YFW 
in which S is an A-supermorphism and llTll< 1. W is a retract of 8, so 
there exists an isometric A-multiplier .Z from W to V and an A-multiplier 
P from V to W such that llPll< 1 and PI=idw. Since V is A-projective, 
we can embed the diagram (on the left) 
into a commutative diagram (on the right). Then the diagram below is 
commutative (and it follows that W is A-projective): 
X 
2.8 THEOREM. Let A be a Banach algebra. Let ( V~)J be a family of 
A-modules. Then the direct sum, @ I’,, of (7,)~ is A-projective if and 
only if each Vf is A-projective. 
PROOF. Let Vj be A-projective for all j E J. Consider any diagram 
X 
in which S is an A-supermorphism and llTll< 1. Let j E J and let I& be 
the embedding from VI into @ VI. Since V, is A-projective we can embed 
the diagram (on the left) 
into a commutative diagram (on the right). 
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By the universal property of the direct sum, there exists a unique 
A-multiplier R from @ VJ to X such that RE,= Rj for all j E J. 
llRll= supr V&II < 1. 
Then the diagram below is commutative, so @ I’, is A-projective. 
Conversely, since Vj is a retract of @ Vj;, projectivity of @ Vj implies 
that of Vj, for all j E J (Th. 2.7). 
By Th. 2.6 and Th. 2.8 we have 
2.9 COROLLARY. Let A be a Banach algebra with identity element. 
Then every free A-module is A-projective. 
2.10 THEOREM. Let A be a Banach algebra and let U and W be left 
(right) A-modules. If 8 is an A-supermorphism from U to W and W is 
A-projective, then there exists an isometric A-multiplier I from W to 
U such that S.l=idw. Then W is a retract of U. 
PROOF. Apply Def. 2.4 to T=idw. 
By Th. 2.3 and Th. 2.10 we have 
2.11 COROLLARY. Let A be a Banach algebra with an identity element. 
Then, an essential A-module is A-projective if and only if it is a retract 
of a free A-module. 
It should be noted that not every A-projective essential module is a 
free A-module. Let A =CJ xCl with pointwise multiplication and with the 
maximum norm. Then A is a Banach algebra with identity element. If 
W is the essential A-module Cl with the module operation (01, &=oly, 
(LY, /?) E A, y E W, then W is a retract of A, so W is A-projective. But 
W is not a free A-module. 
Because of the simplicity of essential modules, in case the Banach 
algebra has an identity element, it is convenient to consider another 
description of projectivity, involving only essential modules. However 
this and the original one turn out to be the same: 
2.12 THEOREM. Let A be a Banach algebra with identity element. Let 
V be an essential left (right) A-module. Then I’ is A-projective if and 
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only if for any essential left (right) A-module U and W, for any A-super- 
morphism S from U to W and for any A-multiplier T from V to W, 
there exists an A-multiplier R from V to U such that llRlj=llTlj and 
SR=T. 
PROOF. Let us prove the non-trivial part. Let U and W be A-modules. 
Let S be an A-supermorphism from U to W and let T be an A-multiplier 
from Y to W. UC and We are the essential aubmodules of U and W, 
respectively. Let Si denote the restriction of S to Ue. To show that Si 
is an A-supermorphism from UC to WC, let w E We. Since S is an A-super- 
morphism from U to W, there exists u E U such that S(U) = w and llull= ]Iw]I. 
But S(eu) = e(Su) = S(U) = w, where e is the identity element of A. Moreover 
IMI = IKW4ll =G ll4l =G II4 = Ilwll. BY our assumption and by the fact that 
U, and WC are essential A-modules there exists an A-multiplier R from 
‘CT to U, such that llRl\ = lITI and &R=T. Then R is the desired map 
from V to U because SR=&R=T. Hence V is A-projective. 
By Semadeni’s definition ([S]; 24.6.1) a Banach space V is a projective 
object in the category of Banach spaces an linear contractions if and only 
if for any Banach space U and W, for any q-supermorphism S from U 
to W and for any linear contraction T from V to W, there exists a linear 
contraction R from V to U such that SR= T. 
By taking A =q in Th. 2.12 we get 
2.13 COROLLARY. Let V be an essential q-module (i.e. V is a Banach 
space and the module multiplication is the scalar multiplication). Then 
V is q-projective if and only if V is a projective object in the category 
of Banach spaces and linear contractions. 
By Semadeni ([8] ; 24.1 and 27.4.4) we know that a Banach space V 
is a projective object in the category of Banach spaces and linear con- 
tractions if and only if V is a free Banach space, that means V=Zl(S), 
for some set S. 
2.14 THEOREM. Let A be a Banach algebra and let V be a left (right) 
A-module. If V is A-projective then for any right (left) A-module U 
and W and for any isometric A-multiplier .Z from U to W the tensor 
product mapping I @ idv is an isometry from U @A V to W @IA V. 
PROOF. First remark that a continuous linear map T is an isometry 
if and only if the adjoint map T* is a Qsupermorphism. Let V be A- 
projective and let I be an isometric A-multiplier from U to W. We have 
to prove that (I @I idv)* is a q-supermorphism from (W 8’~ V)* to 
(U @‘A V)*. However by relation (1.1) we have to prove that (I @ id”)* 
is a CJ-supermorphism from HomA (V, W*) to HomA (V, U*). Let 
T E HomA (V, U*). 1* is an A-supermorphism from W* to U*. Hence 
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there exists R E HomA (I’, W*) such that llRll= 1jTl1 and I*R=T, because 
V is A-projective. But that means (I @ idv)* is a q-supermorphism 
because (I @ idv)*R= T and I\(1 8 idv)*ll= III @ idvll< 1. 
If a Banach algebra A has an identity element then A is A-projective 
(Th. 2.5). However we will show that for non-discrete G, &(G) is not 
Li(G)-projective (Th. 4.14). But if Li(G) is not Ll(G)-projective, then the 
converse of the preceding theorem is not true, since U @)L1(G) &(G) N Ub 
for every Li(G)-module U ([6]; Th. 4.4). It is an open question whether 
A-projectivity of A implies that A has an identity element. 
2.15 THEOREM. Let A be a Banach algebra. A, is the Banach algebra 
with identity (0, 1) containing A as a subalgebra. Let V be an essential 
A,-module. Then V is in a natural way an A-module and V is AU-projective 
if and only if V is A-projective. 
PROOF. Suppose V is AU-projective. Let X and Y be A-modules. Let 
6’ be an A-supermorphism from X to Y and let T be an A-multiplier 
from V to Y. X and Y are essential AU-modules by defining (a, oc)z= 
=ax+ 012, for all (a, a) E A, and x E X (x E Y). Then S is an Au-super- 
morphism from X to Y. V is an essential Au-module, so T is an A,- 
multiplier. Hence there exists an AU-multiplier R from I’ to X such that 
jjTll= l]Rjl and SR=T. Obviously R is an A-multiplier. Thus, V is A- 
projective. By 2.12 the converse is proved similarly. 
2.16 COROLLARY. A, is A-projective. 
2.17 THEOREM. Let A be a Banach algebra. Then for every A-module 
I’ there exist a projective A-module W and an A-supermorphism from 
W to V. Hence every A-module is A-isomorphic to a quotient of a 
projective A-module. 
PROOF. Let V be an A-module. Then V is in a natural way an essential 
AU-module. By Th. 2.3 there exist a free A,-module W and an Al-super- 
morphism 6’ from W to V. By restriction W is an A-module and by 
Cor. 2.9 and Th. 2.15 W is A-projective. Obviously 8 is an A-super- 
morphism from W to V. 
2.18 THEOREM. Let A be a Banach algebra and let V be a left (right) 
A-module. Then V is A-projective if and only if for any left (right) 
A-module W and for any A-supermorphism S from W to V there exists 
an isometric A-multiplier I from V to W such that SI =idv. 
PROOF. Necessity: See Th. 2.10. 
Sufficiency: By Th. 2.17 there exist a projective A-module W and an 
A-supermorphism S from W to V. By our assumption there exists an 
isometric A-multiplier I from V to W such that SI ~idv. Thus V is a 
retract of W, and by Th. 2.7 V is A-projective. 
3. INJECTIVE BANACH MODULES 
3.1 DEFINITION. Let A be a Banach algebra. A left (right) A-module 
V is said to be A-injective if for any left (right) A-module U and W, 
for any isometric A-multiplier 1 from U to W and for any A-multiplier 
T from U to I’, there exists an A-multiplier R from V to V such that 
llRll= lITI and RI = T. 
An equivalent formulation is: A left (right) A-module V is said to be 
A-injective if for any left (right) A-module U and W, for any isometric 
A-multiplier 1 from U to W and for any A-multiplier T from U to I’, 
ljTjl< 1, there exists an A-multiplier R from W to V, IlRll Q 1, such that 
RI=T which means that the diagram 
is commutative. 
The map R is called an extension of T. 
3.2 THEOREM. Let A be a Banach algebra and let V be an A-module. 
If V is A-projective, then V* is A-injective. 
PROOF. Consider any diagram 
T 
u- V* 
I I 
W 
in which I is an isometric A-multiplier and llTll< 1. The adjoint map I* 
of I is an A-supermorphism from W* to U*. Let Tf denote the restriction 
of T* to V and suppose V is A-projective. Then we can embed the diagram 
(on the left) 
W* W” 
IT* 
I 
I” R 
U”c-V 12 
T: 
u*-v 
TT 
into a commutative diagram (on the right). 
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Let R: denote the restriction of R* to W. llR?11=~11R*1l=ljRll< 1. Then 
the diagram below is commutative, so V* is A-injective. 
Note. The converse of Th. 3.2 is in general not true: L,(B) is Lr(U)- 
injective (Cor. 3.11) while .&r(G) is not Lr(U)-projective for non-discrete G 
(Th. 4.14). 
3.3 COROLLARY. A: is A-injeotive. 
We shall omit the proofs of the next two theorems because they are 
similar to the proofs in the “projective” case (Th. 2.7 and Th. 2.8). 
3.4 THEOREM. Let A be a Banach algebra. Then every retract of an 
A-injective module is again A-injective. 
3.5 THEOREM. Let A be a Banach algebra. Let ( V~)J be a family of 
A-modules. Then the direct product, T]c YJ, of (V~)J is A-injective if and 
only if each Vj is A-injective. 
3.6 DEFMITION. Let A be a Banach algebra, let V be an A-module 
and let J be some set. B(J, V) will denote the direct product, n V,, of 
( V,)J where I’,= V for all j E J. 
Then B(J, V) is the A-module of all bounded functions from J into V, 
provided with the supremum norm and with the module structure 
(a&)(j) =a(&(j)), for all a E A, & E B(J, V), j E J. 
By the preceding theorem we obtain 
3.7 COROLLARY. Let A be a Banach algebra, let V be an A-module 
and let J be some set. Then B(J, V) is A-injective if and only if V is 
A-injeotive. 
3.8 THEOREM. Let A be a Banach algebra and let V be an A-module. 
Then there exists an injective A-module W and an isometric A-multiplier 
from V into W. We may choose W such that W=B(J, A:), for some 
set J. Hence every A-module is A-isomorphic to a submodule of an 
injective A-module. 
PROOF. By Th. 2.17 there exist a set J and an A-supermorphism S 
from L(J, A,) to VT*. The adjoint operator S* of 8 is an isometric A- 
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multiplier from V ** to (L(J, AU))*. Identifying (L(J, A%))* and B(J, A*,) 
(see relation (1.2)) we have an isometric A-multiplier from V** to B(J, A:). 
Embedding V in I’** we obtain the present theorem. 
As in the Banach space case we have: 
3.9 THEOREM. Let A be a Banach algebra. Let V be a left (right) 
A-module. Then the following conditions are equivalent: 
(i) V is A-injective. 
(ii) If U and W are left (right) A-modules, if I is an isometric A-multiplier 
from V to U and T is an A-multiplier from V to W, then there exists 
an A-multiplier R from U to W such that 1jR11= [IT11 and RI =T. 
(iii) If U is a left (right) A-module and I is an isometric A-multiplier 
from V to U, then there exists an A-multiplier P from U to I’ such 
that llPll< 1 and P1=idr. 
PROOF. We are going to show the implications (i) + (ii) =+ (iii) =+ (i). 
Suppose that V# (0). 
Assume (i). Let U and W be A-modules. Let II be an isometric A- 
multiplier from V to U and let T be an A-multiplier from V to W. V is 
A-injective so there exists an A-multiplier P from U to I’ such that 
lIPI = 1 and PI=idv. Now define the desired A-multiplier R from U to 
W by R=TP. Then RI=TPI=T and 
IIRII = IITPII < IITII = IITP~II 6 IITPII = 1141. 
Assume (ii) and consider an A-module U and an isometric A-multiplier 
I from V to U. By (ii), there exists an A-multiplier R from U to V such 
that llRll= llidrll = 1 and RI =idv. 
Now, assume (iii). Let U and W be A-modules. Let I be an isometric 
A-multiplier from U to W and let T be an A-multiplier from U to I’. 
By Th. 3.8 there exists an injective A-module X and an isometric A- 
multiplier J from V to X. X is A-injective, so there exists an A-multiplier 
R from W to X such that RI = JT and llRll= IIJTII. 
By (iii) there exists an A-multiplier P from X to V such that lIPI = 1 
and PJ=idv. Now define the A-multiplier Q from W to I’ by Q= PR. 
Then &I= PRI=PJT= T and 11&11= llPRll< llRll= llJTll< lITI = 11&41< 11Qll. 
Hence V is A-injective. 
3.10 THEOREM. Let A be a Banach algebra. Let I’ be a left (right) 
A-module. Then the following conditions are equivalent: 
(i) V* is A-injective. 
(ii) If U and W are right (left) A-modules and if I is an isometric A- 
multiplier from U to W, then the tensor product mapping I @ idv 
is an isometry from U @)A V to W @‘A V. 
(iii) If X and Y are left (right) A-modules, if S is an A-supermorphism 
from X to Y and if T is an A-multiplier from V to Y then there 
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is an A-multiplier R from V to X** such that S**R= j,T and 
llRll= ll!Z’ll. (Here jr is the embedding from Y into Y**). 
PROOF. We are going to show the implications (i) + (ii) +- (iii) =+ (i). 
Assume (i). Let U and IV be A-modules and let I be an isometric A- 
multiplier from U to W. It follows from relation (1.1) that we may view 
(I @I idv)* as a continuous linear map from HomA (W, V*) to 
HomA (U, V*). W e show that (I 8 idv)* is a q-supermorphism from 
HomA ( W, I’*) to Horn-4 (U, V*). Let T E Horn.4 (U, V*). I’* is A-injective, 
so there exists R E HomA (W, V*) such that llRll=llTll and RI=T. But 
then (I @ idv)* R=T, so (I 8 idv)* is a Qsupermorphism, because 
]I(1 @ idv)*]] = III 8 idvl] < 1. Therefore 18 idv is an isometry. 
Assume (ii). Let X and Y be A-modules. Let 8 be an A-supermorphism 
from X to Y and let T be an A-multiplier from I’ to Y. S* is an isometric 
A-multiplier from Y* to X*, so the tensor product mapping S* @J idv is 
an isometry from Y* 8’~ V to X* @go ‘v. Hence (A?* @ idv)* is a q-super- 
morphism from HomA (V, X**) to Horn-4 (P, Y**). Therefore there exists 
R E HomA (V, X**) such that (S* @ idv)*R=jrT and llRll= 11 jYTll= IlTll. 
But a straightforward computation shows (S* @ idv)*R=S**R. 
Now, assume (iii). Let U and W be A-modules and let I be an isometric 
A-multiplier from U to W. Let T be an A-multiplier from U to I’*. 
I* is an A-supermorp hism from W* to U*. The restriction T: of T* to 
V is an A-multiplier from V to U *. So there exists an A-multiplier R 
from V to W*** such that I***R =jv*T?’ and llRll= llTf]l. Now the desired 
A-multiplier is R?, the restriction of R* to W. An easy computation 
shows R:I=T and llRfll= IIT& Hence V* is A-injective. 
3.11 COROLLARY. Let A be a Banach algebra with an approximate 
identity. Since U @)A A N U, for every A-module U ([6]; Th. 4.4), it 
follows from the preceding theorem that A* is A-injective. Hence, if Lg 
is any set then B(S, A*) is A-injective. It follows that for a locally compact 
group G, h(G)* is Li(G)-injective. The right Li(G)-module ,51(G)* may be 
identified with L,(G) with module multiplication is convolution on the 
left by f’, for any f E L(G). Here f’ is defined by f’(s)=d(s-1)/(8-l), 9 E G, 
where d is the modular function of G. From this it immediately follows 
that the Li(G)-module L,(G), where the module multiplication is the 
usual convolution on the left, is &(G)-injective. 
In case the Banach algebra has an identity element, for essential 
modules injectivity and the restricted notion of injectivity are the same. 
The proof is similar to the proof in the “projective” case (Th. 2.12): 
3.12 THEOREM. Let A be a Banach algebra with an identity element. 
Let V be an essential left (right) A-module. Then P is A-injective if and 
only if for any essential left (right) A-module U and W, for any isometric 
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A-multiplier I from U to W and for any A-multiplier T from U to V’, 
there exists an A-multiplier R from W to V such that IIRIj=llTll and 
RI=T. 
By Semadeni’s definition ([8] ; 24.6.1) a Banach space V is an injective 
object in the category of Banach spaces and linear contractions if and 
only if for any closed subspace U of any Banach space IV, any linear 
contraction from U to V can be extended to a linear contraction from 
w to v. 
By taking A=CJ in Th. 3.12 we get 
3.13 COROLLARY. Let V be an essential q-module (i.e. V is a Banach 
space and the module multiplication is the scalar multiplication). Then 
V is CJ-injective if and only if V is an injective object in the category of 
Banach spaces and linear contractions. 
3.14 NOTE. (i) We know ([8]; 26.5.1) that a Banach space B is an 
injective object in the category of Banach’spaces and linear contractions 
if and only if V IS C&isomorphic to a Banach space C(X), where X is 
compact and extremally disconnected. 
(ii) From Grothendieck ([3] ; Th. 1) we know that a Banach space V* 
is an injective object in the category of Banach spaces and linear con- 
tractions if and only if V is q-isomorphic to some &r(m), m a suitable 
measure. This V is a projective object in this category if and only if m 
is discrete ([3]; Prop. 2). 
The proof of the next theorem is similar to the proof in the “projective” 
case Th. 2.15: 
3.15 THEOREM. Let A be a Banach algebra. Let V be an essential 
AU-module. Then V is in a natural way an A-module and V is A,-injective 
if and only if V is A-injective. 
We now show that every Banach module has an injective envelope. 
The proof is deduced from D. Garling [l], who proved that every Banach 
space has an injective envelope. 
3.16 DEFINITIONS. Let A be a Banach algebra and let V be a left 
(right) A-module. 
A pair (I, U) is said to be an injective envelope of V if I is an isometric 
A-multiplier from V into the A-injective left (right) module U and if 
there is no A-injective proper submodule of U containing I(V). A pair 
(I, U) is said to be an essential extension of V if I is an isometric A- 
multiplier from V into the left (right) A-module U such that the following 
is true: whenever T is an A-multiplier from U into a left (right) A-module 
W such that lITI < 1 and TI is an isometry, then T is an isometry. 
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3.17 THEOREM. Let A be a Banach algebra and let V be an A-module. 
If (I, U) is an essential extension of V and if U is A-injective then (I, U) 
is an injective envelope of V. 
PROOF. Suppose there is an A-injective submodule Uo of U. Then 
there is an A-multiplier P from U to UO such that P(m) = uo for all ~0 E UO 
and lIPI] < 1. But (1, U) is an essential extension of VT, hence P is an 
isometry and so UO= U. 
3.18 THEOREM. Let A be a Banach algebra. Every A-module has an 
injective envelope. 
PROOF. Let V be an A-module. By Th. 3.8 there exist an injective 
A-module W and an isometric A-multiplier i from I’ into W. Let X 
denote the collection of submodules D of W which contain i(Y) and such 
that (& D) is an essential extension of V. X may be partially ordered 
by inclusion. If (CJ) is a chain in X, then the closure of u C, is an element 
of X. Thus, Zorn’s lemma en&res that X possesses maximal elements. 
We shall show that any such maximal element U is A-injective, so that 
(i, U) is an injective envelope of V by Th. 3.17. By Th. 3.4 it is sufficient 
to show that U is a retract of W. Let S denote the collection of seminorms 
8 on W satisfying: 
(i) s(i(v))= llwll for all v cz V, 
(ii) s(w)< llwll for all w E W, 
(iii) s(uw)< llalIs(w) for all a E A, w E W. 
An application of Zorn’s lemma shows that under the natural ordering 
S has at least one minimal element so. Let R be the submodule of W of 
elements w E W such that SO(W) = 0 and let CJ be the quotient mapping 
of W into the completion K of the quotient space (W/R, SO). q is clearly 
an A-multiplier and [Iall < 1 because s&(w)) = ao(w + R) Q so(w) Q llwll for all 
w E W. qi is an isometric A-multiplier, because 
ao(qi(v)) =a,(i(v) + R) = inf {so(i(v) + r) : r E R) > 
> inf {so(i(v)) -so(r) : r E R}=so(i(w)) = llwll for all ‘u E V. 
Therefore the restriction of q to U is an isometric A-multiplier from U 
to K, since (i, U) is an essential extension of I’. Since W is A-injective, 
there is an A-multiplier h from K to W such that (M)(u) =u for all u E U 
and llhllg 1. Let L denote the closure of h(K) in W. Assertion, (i, L) is 
an essential extension of VT: 
Suppose that f is any A-multiplier from L into an A-module Y such 
that fi is an isometry and llfllg 1. Define a(w)=ll(f~)(w)II for all w E W. 
Then 8 E S and s <so; the minimality of 80 implies that a =80. Hence f 
is an isometry because Ilf(~(w))ll=80(w) >so(q(w)) > Ilhq(w)ll for all w E W. 
Thus (i, L) is an essential extension of V. But L 1 h(K) 3 U, and U is 
maximal, so that h(K) = U. Since hq is an A-multiplier from W to U, 
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(hp)(u)=u, for all u E U, and llhll< 1, U is a retract of W. Hence U is 
A-injective and so (i, U) is an injective envelope of V. 
From the preceding proof and Th. 3.17 it follows: 
3.19 COROLLARY. Let A be a Banach algebra, let U and I’ be A-modules 
and let I be an isometric A-multiplier from V to U. Then (I, U) is an 
injective envelope of V if and only if U is A-injective and (1, U) is an 
essential extension of V. 
Now the uniqueness of the injective envelope. 
3.20 THEOREM. Let A be a Banach algebra and let V be an A-module. 
If (I, U) and (J, W) are injective envelopes of V, then there is an A- 
isomorphism E from U to W such that EI = J. 
PROOF. W is A-injective, so there exists an A-multiplier E from U to 
W such that EI = J and [IElI < 1. (I, U) is an essential extension of Y 
so E is an isometry. E(U) is an injective A-module and J(V) C E( U) C W. 
(J, W) is an injective envelope of V so E(U)= W; i.e., E is a surjection. 
4. INJECTIVE AND PROJECXTVE &(a)-MODULES 
In this section G is an arbitrary locally compact group. All the module 
multiplications are denoted by *. q denotes a continuous character of G. 
LIP is the Banach algebra with identity (0, l), containing Li(G) as a 
subalgebra. 
Suppose the Banach space, a, of the complex numbers is a non-trivial 
&i(G)-module. Then the map f --f f * 1 is an algebra homomorphism from 
&(G) to Cl. So there exists a continuous character q of G such that 
f * ~=(jGf@) LY, for all f E Li(G), OL EC& 
4.1 DEFINITION. For a continuous character q of G we define the 
Al(G)-module Q, as the Banach space Cl with the module multiplication 
(f, a) + (SC f$+ from Ll(G) x q t0 a. 
Obviously, C& is an essential left and right Li(G)-module. 
4.2 THEOREM. q, is hi(G)-projective if and only if G is compact. 
PROOF. There exists an &(G)-supermorphism X from Li(G) to Cl*, 
namely s(f) = SC f@idn for all f E &(G). 
If G is non-compact, then there is no isometric Li(G)-multiplier from 
C& to L,(G). Thus by Th. 2.18 C& is not Li(G)-projective. 
Now assume G is compact. Then the map I defined by I(a)=(aq, 0), 
01 EQ, is an isometric Li(G)-multiplier from q, to Li(G),. The map P 
defined by P(f, a)= so f@a+oI, (f, &) E hi(G),, is an Li(G)-multiplier from 
L,(G), to C&. Moreover lIPI = 1 and PI =idc,. 
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Hencea, is a retract of Li(G)u. L,(G) U is Lr(G)-projective (Cor. 2.16), 
so C$ is Lr(G)-projective. 
4.3 DEFINITION. Let I’ be an h(G)-module. Then 7, will denote the 
essential submodule 
{w E V: f * w=(JG f@?A)w for all f E Ll(G)). 
4.4 DEFINITION. A locslly compact group G is said to be amenable if 
there exists M E L,(G)* such that M(f t h) = (Jo f&)M(h) for all f E Li(G), 
h E L,(G), H(l) = 1 and ]]M]] = 1. 
4.6 THEOREM. C& is h(G)-injective if and only if G is amenable. 
PROOF. Assume G is amenable. Let 1 be an isometric Li(G)-multiplier 
from Cl, into an Lr(G)-module 7. Let wl=I(l). Then 01 E V, and ]]wi]] = 1. 
By the Hahn-Banech Theorem there exists P E (I’,)* such that ]]P]] = 1 
and P(q) = 1. It follows from ([2] ; ) that there exists S E ( V*)p such 
that ]]Sl]= 1 and S(q) = 1. Thus SI=idc,. Hence C& is Li(G)-injective 
(Th. 3.9). 
Now assumeC& is Li(G)-injective. Let I be the isometric Lr(G)-multiplier 
from CJ, to L,(G) defined by I(a) =q, IY EQ. Cl’, is hi(G)-injective, so 
there exists an ,5(G)-multiplier P from L,(G) to CJq such that lIPI] = 1 
and P(p) = 1. Define M(h) =P(hq), f or all h E L,(G). Then M E L,(G)*, 
M(1) = 1 and l]Ml] < 1. Moreover if f E Li(G) and h E L,(G) then 
H(f * IL) = P((f * h)d =p(h * ha) = (SC f@A)p(hq) = (SC fdA)M(hY) 
By Def. 4.4 G is amenable. 
However, for any G the trivial hi(G)-module 9s is not L(G)-injective: 
4.6 THEOREM. Let V be a trivial L(G)-module, i.e. f * V= 0, for all 
f E .&i(G), v E V. If V# (0}, then V is not Ll(G)-injective. 
PROOF. Suppose that V# (0). Let W be the vector space V x V. W is 
an &(G)-module if we detie l](z, y)]]= max (]]z]], ]]z+y]]}, for all (5, y) E W, 
and f * (x, y) = ((.fG fd% 0) f or all f E Jr(G), (x, y) E W. The map I from 
V into W defined by I(w)=(O, w) is an isometric Li(G)-multiplier. If P 
is an Li(G)-multiplier from W to V such that PI =idr then P(z, y) = y 
for all (x, y) E W. But llPll> 1, because sup {Ilyll: all (2, y) E IV with 
II@, y)II = I>= 2. H ence by Th. 3.9 B is not Li(G)-injeotive. 
From Th. 3.2 it follows: 
4.7 COROLLARY. Let V be a trivial Li(G)-module. If V# {0}, then V 
is not Li(G)-projective. 
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4.8 THEOREM. Let V be an .&i(G)-injective module. Then V/V0 is 
Li(G)-injective. 
PROOF. It is easy to see that v +- v + Vc is an isometric hi(G)-multiplier 
from Ve to V/V,,. I’ is Li(G)-injective, so there exists an Lr(G)-multiplier 
T from V/V0 to V such that T(w + VO) =V for all w E Vc and jlTj[ < 1. 
Let W be an ,51(G)-module and let I be an isometric Li(G)-multiplier 
from V/l’0 to lV. I’ is Li(G)-injective, so there is an Li(G)-multiplier S 
from W to I’ such that llSl[ = ljT[l and SI = T. Let Q be the quotient map 
from I’ to V/Vo. Let P=QS. Then P is an &r(G)-multiplier from W to 
V/V,. We show that PI =idv/v,,. If v E V then 
(PI)@+ Vo)=(QSI)(v+ Vo)=(QT)(v+ Vo)=(T(v+ Vo))+ Vo= 
=v+ vo, 
since for f E Al(G), 
f * (T(v+ V,,)-v)=T(f *v+ Vo)-f * v=f *v-f * w=O. 
Moreover IlPllg 1. By Th. 3.9 V/I’0 is ,5(G)-injective. 
Now we may ask for the Lx(G)-injective envelope of Cb. From Cor. 3.3 
and Cor. 3.11 we know that Li(G): and L,(G) are .&i(G)-injective. An 
easy computation shows that the right hi(G)-module Li(G): is the direct 
product of the Banach spaces L,(G) and CJ with module multiplication 
f * (h, B) = (f’ * h, jG ItfdA), f or all f E Ll(G), h E L,(G), a @. Let L,(G) ACJ 
denote the right hi(G)-module Li(G):. Let 1 be the map defined by 
I(or) = (0, a) from40 into L,(G) j<q. Then 1 is an isometric Li(G)-multiplier. 
Using this we have: 
4.9 THEOREM. (I, L,(G) j<CJ) is the Li(G)-injective envelope of as. 
PROOF. Let UO be an Li(G)-injective submodule of L,(G) j<q con- 
taining .I(qs). Then there exists a submodule I’ of L,(G) such that 
UO = Vi<q, i.e. Us is the direct product of the Banach spaces V and CJ 
with module multiplication f * (v, LX) = (f’ * v, JG vf&) for all f E Ll(G), 
v E I’, OL Eq. Moreover there exists an A-multiplier P from L,(G) ;<CJ to 
Vj<q such that llPll=l and P(h, a) = (h, 01), for all h E V, 01 EC& Now let 
F, be some fixed non-zero element of L,(G). Then there exist hi E V and 
Och Eq such that P(h, O)=(hi, OCJ,) and so P(h, &)=@I, ahfa) for all oc EC& 
suppose ah # 0. Let ngY2 such that (n-l)lahl<2ll~llgnlorhl. Let 
a = (12 - l)ab. Then 
211hll -bhl < max {llhll, nbhl)=IIP(h9 dll Q max {llhl17 1db211h11. 
Therefore oLh= 0. If f E &(a) and OL E Cl then 
(f’ * h, jG hfd2) = f * (h, a) = f * P(k a) = 
=p(f’ * h, jG hfdA) = ((f’ * h)l, jG hfdA). 
269 
Hence for all f E Li(G) we have Jo h&A= Jo hfdk Thus hr=h, V=&,(G) 
and Uo=L,(G) ACl. 
An Li(G)-module is in a natural way an essential Cl-module. It follows 
from Th. 4.6 that there exist q-injective Li(G)-modules which are not 
Li(G)-injective. However we do have the following: 
4.10 THEOREM. Every b(G)-injective Li(G)-module is CJ-injective. 
PROOF. Suppose B is an Li(G)-injective Li(G)-module. Let X and Y 
be Banach spaces, let I be an isometry from X to Y and let T be a 
continuous linear map from X to V. We make a map R from Y to V 
such that RI= T and llRl[ = [[Tll. F rom Th. 3.8 it follows that there exist 
a set J and an isometric Li(G)-multiplier E from I’ into B(J, ,51(G)*,). 
V is Li(G)-injective, hence there exists an Li(G)-multiplier P from 
B(J, L(G):) to V such that PE=idr and llPll< 1. L,(G) (see 3.14 (ii)) 
and q are q-injective. Thus Li(G)Z and B(J, L(G):) are q-injective 
(Th. 3.5). Hence there exists a continuous linear map & from Y to 
B(J, Li(G):) such that &I= ET and ~~&~~ = ~~ET~~. R= PQ has the desired 
property, because R is a continuous linear map from Y to I’, RI = P&I = 
=PET= T and lITI = llR4l< llRll= IIPQII < llQll = IlET =G IlTll. Thus V is 
Cl-injective. 
From Th. 3.2, Cor. 3.13, Note 3.14 and Th. 4.10 it follows: 
4.11 COROLLARY. Every .&i(G)-injective Li(G)-module is q-isomorphic 
to a space C(X), X being an extremally disconnected compact space. 
Every hi(G)-projective &i(G) -module is q-isomorphic to a space ,51(m), 
m a suitable measure. 
From Cor. 4.11 it follows: 
4.12 COROLLARY. Every reflexive Li(G)-injective Li(G)-module is finite- 
dimensional. Also, every reflexive hi(G)-projective Li(G)-module is flnite- 
dimensional. 
4.13 THEOREM. Let G be an infinite locally compact group. Then L,(G), 
1 <p < 00, J+‘), Cm(G) and Co(G) are not Li(G)-injective. (I, L,(G)) is 
the Li(G)-injective envelope of Co(G) and of C,(G), I being the embedding 
of Co(G) and of C,(G) in L,(G), respectively. 
PROOF. J&(G), 1 <~<cKJ, is not Ll(G)-injective because L,(G) is a 
reflexive Banach space but not finite-dimensional. 
If G is not discrete, then Li(G) is not Li(G)-injective, because there 
is no Li(G)-multiplier P from H(G) onto Al(G) such that Pz=P. M(G) 
is not &i(G)-injective, because IM(G) is not q-isomorphic to any C(X), 
X compact. To see this, consider the extremal points of the closed unit 
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balls and remark that the distance of two linearly independent extremal 
points of the closed unit ball of M(G) is always 2. 
We now show that (I, L,(G)) is the Li(G)-injective envelope of Co(G). 
Let e be the unit element of G. Suppose there is an Lr(G)-injective sub- 
module ‘CT of L,(G) containing Co(G). Then there exists an Ll(G)-multiplier 
P from L,(G) onto U such that Pz = P and lIPI = 1. P is an hi(G)-multiplier 
from L,(G) to L,(G), so there exists T E C,(G)* ([4]; Th. 4.4) such that 
lITI]= 1 and SC P(h)j&=T(j’ * h), for all h. E L,(G), j E Lr(G). If we prove 
that T(k) =k(e), for all k E C,(G) then 
SC P(h)j&=T(j’ * h)=(j’ *h)(e)= S~hjdl, 
for allh~L,(G), ~EJQG). Thus P(h)=hforallh~L,(G), and U=&,(G). 
(i) If j E Co(G) then there are j E Li(G) and h E Co(G) such that j= j’ * h 
so T(j)=T(j’ *h)= SC P(h)j&.= S~hj&.=(j’ * h)(e)=j(e). 
(ii) Let E E C,(G) such that k> 0 and Ilk11 = k(e). Let jl E Co(G) such 
that jr(e)= -2 and Ilji+l&.,,= 1. Then 
IT(k)-2k(e)l=IT(k+kjl)l ~Ilk+kjllloo~llkll=k(e). 
Moreover IT( Q Ilk11 = k(e), so T(k) = k(e). 
(iii) Let k&‘,(G) such that k > 0. Choose ja E Co(G) such that ja(e) = 1 
andO<jz<l. Letj3=(2llkll+k(e)-k)jz. ThenjsECo(G)andjs>O. IfsEG 
then 
j3(e) + k(e) = .2llkll+ k(e) = 2llkll+ k(e) -k(8) + k(8) a 
> (21lkll+ k(e) -k(s))j&) + k(8) =$I@) + k(8). 
By step (ii) we have T(j3+ k) =ja(e)+ k(e). Therefore T(k) = k(e). 
(iv) Let k E C,,(G). Then k is a f&rite sum of positive elements of 
G,(G), so T(k) = k(e). 
It follows that if I is the embedding of Co(G) in L,(G) then (I, L,(G)) 
is the Li(G)-injective envelope of Co(G) and so obviously of C,(G). 
4.14 THEOREM. (i) Let G be an infinite locally compact group. Then 
J&(G), 1 <p loo, C,(G) and Co(G) are not Li(G)-projective. 
(ii) M(G) and Al(G) are Li(G)-projective if and only if G is discrete. 
PROOF. (i) J%#.% 1 <PC 00, is not Li(G)-projective because it is an 
infinite-dimensional reflexive Banach space. L,(G), C,,(G) and Co(G) are 
not ,51(G)-projective because their dual spaces are not Q-isomorphic to 
any C(X), X being compact. To see this, use the same arguments as in 
the preceding theorem. 
(ii) Now consider Ll(G) and M(G). If G is discrete, then the Banach 
algebra Li(G) has a unit element, so Li(G) and M(G) are Li(G)-projective. 
Now suppose G is non-discrete. By Th. 2.3 there exist a set J, J= {j E &(a) : 
lljll= l}, and an Ll(G),-supermorphism i3 from L(J, h(G),) to Ll(G), 
defined by S(q) = 2,~ q(j) *j. A ssume ,5(G) is Li(G)-projective. Then 
Li(G) is &(a),-projective (Th. 2.15), so by Th. 2.18 there exists an 
271 
isometric b(U),-multiplier I from L(G) to L(J, Ll(C),) such that 
SI =id~~(~). For j E J, let I’f be the projection of L(J, Ll(B),) onto Lr((&. 
Then PJ is an Lr(G)-multiplier from Li(G) to Lr(Q), so there is an 
ruf E M(G) such that (P&(f)=/ * ,q, for all f E Lr(B). If f E &t(Q), then 
f=Wf)= G ((I/M *j= 2J (f * Pd *j and Ml = IlUll = Z; IV * PAI- Let 
(e& be an approximate identity for Al(G) and let JO be a finite subset 
of J. Then 
2.h ll,Lyll= 2 J 01 imd Iled * pjIIQ limd 2.~~ lled * pII< 1. 
Hence Z; 11~ * jll Q zj lll~yll< 1. Therefore, there exists g E L(G) such that 
g= &M +j and so f= >/ * (PI *j)=f *g for all f~Lr(0). 
However, this contradicts the assumption that G is non-discrete. Hence 
Lr(G) is not Lr(Q)-projective. 
A similar proof is valid for M(G). 
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